We consider the general scalar field Horndeski Lagrangian coupled to matter. Within this class of models, we present two results that are independent of the particular form of the model. First, we show that in a Friedmann-Robertson-Walker metric the Horndeski Lagrangian coincides with the pressure of the scalar field. Second, we employ the previous result to identify the most general form of the Lagrangian that allows for cosmological scaling solutions, i.e. solutions where the ratio of matter to field density and the equation of state remain constant. Scaling solutions of this kind may help solving the coincidence problem since in this case the presently observed ratio of matter to dark energy does not depend on initial conditions, but rather on the theoretical parameters.
general Lagrangian without gravity coupling that contains scaling solutions must have the form
with K(φ, X) = Xg(Xe λφ ), (2) where X = − 1 2 ∇ µ φ∇ µ φ, g an arbitrary function and λ a constant. S m is the action for the matter fields ψ i , which also depends generally on the scalar field φ. The same form applies if the field has a constant coupling to gravity. In Ref. [27] this result has been extended to variable couplings.
In Ref. [19] we performed another step towards extending this result to the entire Horndeski Lagrangian. We studied in fact a Lagrangian of type [15, 28, 29] S =ˆd
denoted KGB model in [29] . The new term containing G 3 produces new second order terms in the equation of motion. The addition of the term linear in φ ≡ ∇ µ ∇ µ φ introduced several new features and enlarged considerably the class of models that allow for accelerated scaling solutions. This paper is devoted to completing our programme by extending the search for scaling Lagrangians to the entire Horndeski class. Unfortunately the mathematics required to achieve this extension is exceedingly tedious. The conclusion is however quite simple to state: we obtain the most general form of Horndeski Lagrangian that contains scaling solutions among their Friedmann-Lemaitre-Robertson-Walker (FLRW) solutions.
To achieve this generalization we need an intermediate result that is interesting on its own, namely, the equivalence of the Lagrangian with the pressure of the scalar field. This is well known to occur with the term K(φ, X) [30, 31] and also when including G 3 [29] . Here we prove it valid for the entire Lagrangian, at least when the metric is restricted to a flat FLRW.
II. HORNDESKI LAGRANGIAN AND EQUATIONS OF MOTION
We consider the Horndeski action
where L H is the Horndeski Lagrangian, which is the most general Lagrangian which has second order equations of motion, defined as
and φ is a scalar field, X = − 1 2 ∇ µ φ∇ µ φ and R is the Ricci scalar. We consider that there is only one type of pressureless matter of energy density ρ m = −T 0 0 , in the Einstein frame, where the energy-momentum tensor is defined by
In this frame matter is directly coupled to the scalar field through the function Q(φ), where
We consider a FLRW flat metric with ds 2 = −dt 2 + A 2 (t)dx 2 , where A(t) is the scale factor and the scalar field depends only on t. In this case we have X =φ 2 /2,Ẋ =φφ, ∇ µ X∇ µ φ = −2Xφ, where dot means derivative with respect to the cosmic time t. Varying the action with respect to g µν , and defining H =Ȧ/A, one gets [32] 5 i=2
where
and
Varying the action with respect to φ, one gets
Now, in order to confront these models with SNIa observations, we isolate from the complete action a term corresponding to the Einstein-Hilbert one. Then the action is rewritten as
with
and we write the Einstein equations as [33] 
Comparing Eqs. (26) , (27) with Eqs. (11), (12) , we arrive to useful definitions for the energy density (ρ DE ) and pressure (p) of dark energy:
or also
Defining
we can rewrite the Friedman equation (Eq. (26)) as
Now we introduce the e-folding time N = log a, so that d/dt = Hd/dN . Then the equation of motion for the scalar field φ and matter can be written as (see also [32] )
where w φ = p/ρ φ .
III. SCALING SOLUTIONS
The condition Ω φ /Ω m constant defines scaling solutions. This is equivalent to ρ φ /ρ m constant, or to
Also, from Eq. (33) we get that Ω φ is a constant. We also assume that on scaling solutions the equation of state parameter w φ is a constant [26] . Subtracting both Eqs. (34) and (35) and using Eq. (36) we get
Back to Eqs. (34) and (35) we get
where w ef f = w φ Ω φ . Now, from w φ constant, we have
At this point we need a crucial statement, namely that the Lagrangian L is equivalent to the pressure of the scalar field, up to boundary terms. The demonstration that indeed this is true for the entire Horndeski Lagrangian is rather long and tedious and we moved it to the Appendix C. For our purposes, it is enough to show this to be true for a flat FLRW metric, since we are looking for scaling solutions only on such a metric. We conjecture that L = p for any metric; this indeed can easily be shown to be the case for the K and the G 3 terms and we will present the general proof elsewhere.
From the equality L = p we have then
For FLRW metric, we have R = 6Ḣ + 12H 2 . Then, using Einstein equations, we get
That is, for scaling solutions we have R =cp, withc a constant. Now defining
we can write the pressure of dark energy as
That is, p = p(X, φ, ⊠φ, φ, φ, φ) Now we want to find a generalized "master equation" for p = p(X, φ, ⊠φ, φ, φ, φ). Eq. (39) gives
Now we know that
We need the partial derivatives d log X/dN , d log φ/dN , d log ⊠φ/dN , d log φ/dN and d log φ/dN that are obtained as follows (for details, see Appendix C):
From the definition of X and Eq. (37) we have
and then
We start with (for details here and forthe next terms, see Appendices A and B)
Now, from Eq. (37) this can be rewritten as
So far we put no restrictions on the coupling function Q. However we find that the analysis is very simplified if we assume
This restricts the coupling to be
with c 2 constant. From now we we will consider this restriction in Q(φ). From Eq. (54) we have then
which gives
We start with
This results in
Finally, Eq. (47) becomes
As expected, the master equation reduces to the one obtained in Ref. [27] when
IV. SOLUTIONS FOR THE MASTER EQUATION
Here, after a convenient Ansatz, we derive the general solution for the master equation Eq. (65). Remember, however, that there are restrictions in the form of Q(φ), given by Eq. (56), that will be taken into account in due course. We start with Eq. (65) rewritten as
Now set
whereG is an arbitray function of its argument. Then forG = 0 we obtain
where by (55) the term 2 Q dQ dψ is a constant. This partial differential equation is linear inG. Then the method of separation of variables is justifiable. Here, however, inspired by the expression given by Eq. (46) for p, we look for solutions ofG of the formG
Then, Eq. (69) turns into
For f = 0 this is equivalent to ( O 1 f )G − O 2g = 0,where the operators O 1 and O 2 are evident in the equation above. For G 4 = 1/2 and G 5 = 0 we have f = 1 and the linear differential equation O 2g = 0 is reduced to a form already solved in our previous paper [19] . Now we want to generalize our former result for general G 4 and G 5 . The simplest choice is to impose thatg and f satisfy separately the linear differential equations:
that is
with solution (known for the case where
where g 2 is a general function. Now we turn to the equation forg:
We do not want the general solution of this linear differential equation. Indeed, guided by the form of p, we look for a solution of the form (all other possibilites lead to trivial constant solutions or are not compatible with the form of the Lagrangian).
In the following we will consider separately each possibility. We will be guided by the general form given by Eq. (46) for p, which fixes the maximum order of the factors φ, ⊠φ, φ and ( φ).
Eq. (69) gives
which gives f 1b = X α and f 3b = e αψ Q 2α . Then Eq. (78) gives
and therefore
where g is an arbitrary function.
B. gc(hc(X, φ))
This gives g c constant.
which gives f 2d = ( φ) α and f 3d = Q α e αψ . Then Eq. (80) gives
Now comparing with Eq. (46) for p, we see that g d (h d ) must be at most third order in φ. Then we have
which gives f 1ℓ = X α , f 2ℓ = ( φ) β and f 3ℓ = e (α+β)ψ Q 2α+β . Then Eq. (81) gives
where from Eq. (46) for p, the exponent n can be 1, 2 or 3 for terms linear, quadratic or cubic in ( φ). This leads to
with ℓ 1 , ℓ 2 , ℓ 3 constants
E. ge(he(X, ⊠φ))
This gives g e constant.
F. gj(hj (⊠φ, ψ))
which gives f 4j = (⊠φ) α and f 3j = Q 2α e 2αψ . Then Eq. (83) gives
Comparing with Eq. (46) for p, we see that g j (h j ) must be at most linear in φ. Then we get
with j a constant.
G. gm(hm(X, ⊠φ, ψ))
which gives f 1m = X α , f 4m = (⊠φ) β and f 3m = e (α+2β)ψ Q 2α+2β . Then Eq. (84) gives
Then comparing with Eq. (46) we get
with m a constant.
H. gp(hp(X, φ))
This gives g p constant.
I. gn(hn( φ, ψ))
which gives f 5n = ( φ) α and f 3n = Q α e 2αψ . Then Eq. (83) gives
Comparing with Eq. (46), we see that g n (h n ) must be at most linear in ( φ).Then we get
with n a constant.
J. gq(hq(X, φ, ψ))
which gives f 1q = X α , f 5q = ( φ) β and f 3q = e (α+2β)ψ Q 2α+β . Then Eq. (84) gives
Then comparing with Eq. (46), we get
K. gr(hr(X, φ))
This gives g r constant.
L. gs(hs( φ, ψ))
which gives f 6s = ( φ) α and f 3n = Q 3α e 3αψ . Then Eq. (83) gives
with s a constant.
M. gt(ht(X, φ, ψ))
which gives f 1t = X α , f 6t = ( φ) β and f 3t = e (α+3β)ψ Q 2α+3β . Then Eq. (90) gives
Comparing with Eq. (46) for p, we see that g t (h t ) must be at most linear in ( φ). Then we get
with t a constant.
N. gu(hu(X, φ, ⊠φ))
This gives g u constant.
O. gv(hv( φ, ⊠φ, ψ))
with v a constant.
which gives f 1z = X α , f 2z = ( φ) β , f 4z = (⊠φ) β , and f 3t = e (α+3β)ψ Q 2α+3β . Then Eq. (90) gives
with z a constant.
Q. General form for Lagrangian with scaling solution
From the former results and Eq. (77) we obtaiñ
We have also obtained
Now we need to compare our results and Eq. (68) , rewritten as
with the expression of p given by Eq. (46), rewritten as:
Now, in each of the former equations from above we must impose relations between the general constants in order to get a compatible solution for the general functions.
• For G 4 :
• For G 5 :
Additionally, consistency between expressions for G 5 and G 5,X gives
The above conditions and consistency between expressions for G 4 and G 4,X result in the following expressions for the functions that compose the Horndeski Lagrangian:
where h(φ) is a general smooth function of φ. Then the general scaling Horndeski Lagrangian is
Note that case d 2 = ℓ 2 = q = 0 and h(φ) = 1 2 recover the solution we have found in Ref. [19] for scaling cosmological solutions in the KGB model. Now, in order to ease the comparison with the literature, let us make the following field redefinitions. First of all take ψ → λψ. Then
Now consider φ → ψ(φ), with ψ(φ) given by Eq. (152). This implies
Then Eq. (151) turns into
It could seem that the Lagrangian has an explicit dependence on the coupling Q(φ). However, remember that in this paper we are considering couplings satisfying Eq. (55), that is
This is equivalent to
This means the Horndeski Lagrangian can be written as
That is, when expressed in terms of ψ, there is no dependence at all on the Lagrangian in the coupling (at least considering Eq. (55) to be valid). This can be understood since the definition of the coupling Q, given by Eq. (10), when expressed in terms of ψ, assumes the form of a constant coupling:
This shows that, for the full Horndeski Lagrangian, the Lagrangian with scaling solutions written in terms of φ and its derivatives, with a general coupling satisfying
constant, is equivalent to the above Lagrangian written in terms of ψ and its derivatives, for the coupling Q = 1. In other words, if one is interested in scaling solutions with couplings d log Q dφ constant, it is sufficient to work with a Lagrangian given by Eq. (162), independently of the particular coupling considered. It is important to remark, however, that the general form of the full Horndeski Lagrangian found in this work do not apply to more general couplings with d log Q dφ not constant. Also, remember that the restriction for the couplings given by Eq. (55) appears after Eq. (54). That is, if one has a Horndeski Lagrangian with G 3 = G 5 = 0 and G 4 = 1/2, we have a Lagrangian L H (X, φ) = X ψ (X ψ e λψ ) + 1 2 R with no restrictions at all in the coupling Q. In that case one can indeed affirm, as done in Ref. [27] , that the case of constant coupling Q = 1 is the most general. Now we make the redefinitionφ = ψ/Q, withQ a constant. This helps to compare with the literature, e.g. [19, [25] [26] [27] . In the exponents that appear in the Lagrangian this is equivalent to a redefinition of λ. Then, after dropping the bars we can rewrite L H as V. CONCLUSIONS This paper offers two insights into the vast realm of the Hornesdki Lagrangians. First, we show that the entire Lagrangian is equivalent to the scalar field pressure (at least in a FLRW metric), extending earlier results valid for the K, G 3 subclass. This result is then employed to identify the form of the Horndeski Lagrangian that contains scaling solutions in which the ratio of matter to field density and the equation of state are constant. This also generalizes previous results, in particular Ref. [19] .
The existence of this particular class of solution is interesting since it could represent a solution of the coincidence problem. If the ratio Ω m /Ω φ depends on the fundamental constant of the theory, instead of on initial conditions, then the fact that it is close to unity would no longer be a surprising coincidence. On the other hand, nothing guarantees that such a scaling solution is stable or viable, in the sense of providing a valid cosmology when compared to observations. Indeed we found in Ref. [19] that this was not the case for the subclass K, G 3 because one has either a stable scaling accelerated regime or a well-behaved matter era, but not both. We conjecture that this negative result extends to the full scaling Horndeski Lagrangian (151) or (167) but due to its very complicate form a full proof is still to be elaborated. 
Nonvanishing elements of the affine connection: 
Nonvanishing components of Ricci tensor and Ricci scalar:
Relation between R and p, after using Einstein equations in the above expression of R:
Components of Einstein tensor:
We consider now the operators acting on φ:
A. Term K(φ, X)
= S EH + S,
That is, the Lagrangian in the action S is L = K(φ, X).
It is evident then that
B. Term G3:
with S = −ˆd 4 x √ −gG 3 ( φ).
That is, the Lagrangian in the action S is
We have p = −2X(G 3,φ +φG 3,X ).
Now we compare with the Lagrangian
We note that the L = p, up to a covariant divergence, which integrated in the action, by Gauss's law results to be zero.
